In this paper, we present the generalized Köthe-Toeplitz duals of Cesàro sequence space with terms in a generalized Orlicz space. We modify the definition of the Cesàro sequence spaces using modular on the generalized Orlicz space.
Introduction
Theory of sequence spaces are very important and useful topic in many areas. Therefore, this topic gains a lot of attention by some researchers. (See e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] ). Cesàro sequence spaces are spaces closely related to theory of matrix operators. Discussions about Cesàro sequence spaces can be found in ( [1, 2, 10] ). Research in the theory of sequence spaces is a very active activities in many areas of research. Because of some needs, both in theoretical and applied field, some researchers do some modification and generalization on scalar valued sequence spaces. Some authors generalized the scalar
and characterized a generalized Köthe-Toeplitz of the space. Furthermore, the results of [4] are extended by [10] to vector valued Orlicz sequence spaces. In [10] , 
for every x, y ∈ R. An Orlicz function ψ is said to be complementary to an Orlicz function φ if the inequality (2) holds. An Orlicz function φ is said to satisfy the 2 -condition if there is a K > 0 such that φ(2x) ≤ Kφ(x) for each x ≥ 0. If the Orlicz function φ satisfies the 2 -condition, then there exist p > 1 and c > 0 such that φ(x) ≤ c|x| p for all x ≥ 0 (See e.g. [3] ). For any Orlicz function φ : R → [0, ∞), we denote by φ −1 a function from [0, ∞) into itself such that
In this paper, we are going to construct an Orlicz space by using an Orlicz function φ, denoted W φ , so that the space W p given in (1) is its special case. Further, we will define and characterize a generalized Köthe-Toeplitz duals of W φ for an Orlicz function φ which satisfies a certain condition.
Let φ and ψ be Orlicz functions, which are complementary each other, and E a bounded closed subset of R. We denote by L φ the space of all Lebesgue measurable
It is easy to check that the functional ρ φ , 
L φ is a Banach space. In addition, it is true that: (i) u φ ≤ ρ φ (u) + 1 for every u ∈ L φ and (ii) ρ φ (u) ≤ 1 if and only if u φ ≤ 1 (See e.g. [3, 8] ). Further, if the Orlicz function φ satisfies the 2 -condition, it can be proved that
By taking the Orlicz funtion φ = |.
We can prove that u (φ) ≤ u φ ≤ 2 u (φ) for every u ∈ L φ . In other words, the Orlicz norm is equivalent to the Luxemburg norm. Furthermore, if the function φ satisfies the 2 -condition, then ρ φ (u/ u (φ) ) = 1 (See e.g. [3] ). It can also be verified that there is a real number c > 0 such that
for every a > 0 and u ∈ L φ with u φ ≤ 1.
For any Banach space Y , the notation Y * denotes the collection of all continuous linear functionals on
Cesàro Sequence Spaces in L φ and Their Properties
Let X be a Banach space. Notations ω and ω(X) denote the collection of all sequences in R and in X, respectively. For any Orlicz function φ satisfying the 2 -condition, we define the following sequence spaces:
As we mentioned before, the Lebesgue space
However, in any Orlicz space, this property is not always true (see [9] ). The following lemma is needed to discuss the main results. Lemma 2.1. Let φ be an Orlicz function satisfies the 2 
Proof. Let (u k ) be any member of W ∞,φ . We may assume that u k = 0 for every k ∈ N. For each k ∈ N, we define a function v k on E by
and hence v k (φ) = u k (φ) . Since φ satisfies the 2 -condition, we have
Since, . φ and . (φ) are equivalent, then the assertion follows.
Following the Lemma 2.1, for each N ∈ N, we have
Hence, we have the following results.
Theorem 2.2.
For any Orlicz function φ that satisfies the 2 -condition, then the following statements hold.
By using the fact that ρ φ is a modular, it is easy to show that the function ρ :
is a modular (See e.g. [2] ). Note that the convexity of φ implies the convexity of ρ. For every u ∈ W ∞,φ , we have ρ(u) < ∞ . Further, each of the space W 0,φ , W φ and W ∞,φ is a Banach space with respect to the Luxemburg norm
Köthe-Toeplitz Duals
We recall that the α-dual and the β-dual of any subspace λ ∈ ω are defined as
Let X and Y be Banach spaces, respectively. A collection of all sequences of operators in B(X, Y ) will be denoted by ω (B(X, Y ) ). For any subspace W ⊂ ω(X), we define its α-dual and β-dual, both with respect to Y , as follow. 
It is clear that for any subspaces
V , W ∈ ω(X) with V ⊂ W , [W ] α Y ⊂ [V ] α Y and [W ] β Y ⊂ [V ]
Proof. For necessity, let (
Let (a k ) be an arbitrary element of w 0,φ . By (4), we can choose some c > 0 such that 
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Proof.
Since φ satisfies the 2 -condition, there exist c > 0 and p > 1 such that φ(x) ≤ c|x| p for each x ≥ 0. This implies w 0,p ⊂ w 0,φ , and hence
some number q such that 1/p + 1/q = 1 (See e.g. [6] ). Hence,
Finally,
Theorem 3.3. For any Banach space Y and any Orlicz function φ that satisfies the
and let (a k ) ∈ w ∞,φ . Following (4), we have
Haryadi, Supama, and Atok Zulijanto 
This means that (
A k v k converges, and hence
Let ε > 0 be an arbitrary and
By the Hanh-Banach Theorem, there is an f ∈ U * such that 
Concluding Remarks
The definition of the Cesàro sequence spaces can be modified in a generalized Orlicz space by using a modular. Some characteristic of the spaces have been able to be formulated and observed. Moreover, the generalized Köthe-Toeplitz duals of Cesàro sequence spaces with terms in a generalized Orlicz space can be presented as well.
